Abstract. In this paper, we establish the concept of non-self Hardy-Rogers contractions on Banach spaces involving a graph. We also prove some fixed point theorems for such mappings. The results of this paper extend and generalize various known results in the literature.
Introduction and Preliminaries
Let M be a non-empty set. Given a positive integer n, let M n be the product space n M × M × · · · × M . Let N = {0, 1, 2, · · · } be the set of all nonnegative integers. Unless indicated otherwise, "for all n ≥ 1" will stand for "for all n".
The proverbial Banach contraction principle (briefly, BCP) is one of the most crucial results in fixed point theory. In the setting of metric space it can be tersely expressed as follows.
[18] If (M, d) is a complete metric space and g : M → M is a self mapping such that d (gx, gy) ≤ ad (x, y) , for all x, y ∈ M, where a ∈ [0, 1), then f has a unique fixed point. This principle guarantees the existence and uniqueness of fixed points of self mappings in metric spaces and it also favour with an advantageous constructive procedure to obtain those fixed points.
Jachymski (2008) [1] flourish the BCP for mappings on a metric space involving with a graph. The author [1] proved that Ran and Reurings [20] and Edelstein [21] are obtained by [1] . Afterwards, several articles which deal with fixed point theorems for single valued and multivalued mappings in complete metric space with a directed graph
Let (M, d) be a metric space, ∆ be a diagonal of M 2 , and G be a directed graph with no parallel edges such that the set V (G) of its vertices coincides with the points of M and ∆ ⊂ E (G), where E (G) is the set of the edges of the graph. Then, G = (V (G) , E (G)). The conversion of a graph G is the graph obtained from G by reversing the direction of edges indicated by G −1 , i.e., E G −1 = (x, y) ∈ M 2 : (y, x) ∈ E (G) . If x and y be vertices of a graph G, then a path in G from x to y of length N is a sequence {x i } 
(ii) We say that a mapping g : M → M is G−contraction if g is (well) defined and there exists α 1 ∈ [0, 1) such that
(iii) We say that a mapping g : M → M is orbitally G−continuity if ∀x, y ∈ M and any sequence {k n } n∈N of positive integers,
Let M be a Banach space, H a non-empty closed of M and g : H → M a non-self mapping. If x ∈ H is such that gx / ∈ H, then we can always select an y ∈ ∂H (the boundary of H) such that y = (1 − β) x + βgx (β ∈ (0, 1)), which virtually state that
where
The set N of points y providing (4) may involve more than one element. Assume that N is non-empty.
[14] Let M be a Banach space, H a non-empty closed of M and g : H → M a non-self mapping. Let x ∈ H with gx / ∈ H and let y ∈ ∂H be the corresponding elements given by (4) . If, for any such elements x, we have
for all corresponding y ∈ N , then we say that g has property (M ).
[11] Let M be a Banach space, H a non-empty closed of M . (i) We say that a mapping g : H → M is (well) defined, if it has the property for the subgraph of G induced by H, i.e,
(ii) We say that a mapping g : H → M is G H −contraction if g is (well) defined and there exists α 2 ∈ [0, 1) such that
[11] (P roperty (L)) Any sequence
On the other hand, Berinde and Pȃcurar (2015) [11] defined the notion of G H −contractions in Banach space with a graph and subsequently presented some fixed point results for such classes of non-self contractions. Balog and Berinde (2016) [12] introduced the concept of G H −Kannan contractions on Banach space endowed with a graph and their results extended and generalized the authors [11] . In the sequel, Balog et al. [13] showed some fixed point theorems for G H −Catterjea contractions in Banach space involving a graph. They also have generalized the above-mentioned papers.
Motivated by previous results, we establish the concept of non-self Hardy-Rogers contractions on Banach spaces with a graph. We also prove some fixed point theorems for such mappings. The results of this paper extend and generalize various known results in the literature.
Main Results
Let (M, d, G) be a Banach spaces involving a simple directed and weakly connected graph G such that the property (L) holds. Let H be a non-empty closed of M and g : H → M be a G H − Hardy-Rogers contraction with property (M ), that is, there exist constants a, b, c ≥ 0 with a + 2b + 2c < 1 such that
for all (x, y) ∈ E (G H ) , where G H is the subgraph of G determined by H. If H g := {x ∈ ∂H : (x, gx) ∈ E (G)} = ∅ and g satisfies Rothe's baundary condition g (∂H) ⊂ H,
then g has a fixed point in H.
Proof. Take g (C) ⊂ C, then g is basically a self-map of H and the consequence follows by [19] with M = H. Thus, we just take into account g (H) H. Let x 0 ∈ H g such that (x 0 , gx 0 ) ∈ E (G). Using (1), we get
Denote y n := g n x 0 , for all n ∈ N. By Rothe's baundary condition, we have gx 0 ∈ H. Denote x 1 := gx 0 = y 1 . Next, if gx 1 ∈ H, set x 2 := gx 1 = y 2 . If gx 1 / ∈ H, we can select an element x 2 on the segment [x 1 , gx 1 ] which also appertain to ∂H, in other words, y = (1 − β) x + βgx (β ∈ (0, 1)). Continuing in this manner we constitute two sequences {x n } and {y n } whose terms satisfy one of the following specifications: 0, 1) ). Now, we assert that {x n } is a Cauchy sequence. Suppose that
Openly, if x k ∈ Q, then x k−1 and x k+1 appertain to P . Further, by Rothe's baundary condition, we cannot get two successive terms of {x n } in Q (yet we can get two successive terms of {x n } in P ). Now, we deduce that there are the following possibilities. Case 1. Let x n , x n+1 ∈ P , then x n = gx n−1 = y n , x n+1 = gx n = y n+1 . Therefore
Due to the fact that {x n } ⊂ H for all n, by (10) (x n , x n−1 ) ∈ E (G H ), and so by G H − Hardy-Rogers contraction condition (8), we get that
where η = a+b+c 1−b−c < 1. Case 2. Let x n ∈ P , x n+1 ∈ Q, then x n = y n , x n+1 = y n+1 . By G H − Hardy-Rogers contraction condition (8), We get
Case 3. Let x n ∈ Q, x n+1 ∈ P , then x n+1 = gx n , y n = x n and
from the property (M ), we have
x n ∈ Q ⇒ x n−1 ∈ P (by (x n−2 , x n−1 ) ∈ E (G H ) and (8))
Hence, combining Case 1-3, it follows that
Following [11] , by induction for n ≥ 2, it follows that
Herein, [n/2] imply the greatest integer not exceeding n/2. Now, for m > n > N,
Therefore {x n } is Cauchy sequence. By virtue of the fact that {x n } ⊂ H for all n and H is closed,
From the property (L) and (8) which, due to (16) and taking the limit n → ∞ infer that {x kn } ∞ n=1 → gz as n → ∞. From (17), we conclude that z = gz.
Note that the uniqueness of w simply follows by (8) .
Let M = 0,
